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In particular two intersecting curves are perpendicular if
4. Geodesic Surface. A geodesic surface is defined as a pencil of geodesic lines. More precisely : Take any two geodesic lines OA and OB intersecting at 0, having at that point the directions a and fi respectively, and making the angle to with each other. Consider any other geodesic line OM with the direction
where X and /JL are parameters subject only to the condition
X2 +  fJL2 -f  %\fJL COS  6) = 1,
which arises from substitution in
As X, fi take all possible values, OM generates a pencil of lines, which is defined as a geodesic surface. It may be shown without difficulty that in this pencil there is one and only one line perpendicular to OA and that this may replace OB in defining the pencil. We shall then have
£. = a. cos 0 + /3. sin 6,
where Q is the angle between OA and OM.
If now P is any point on OM and r is the length of OP, the coordinates zi of P are determined by integrating the equations of the geodesic lines, choosing the solution which has at 0 the direction £, and substituting r for s. We have then
the functions <^ being continuous together with their partial derivatives of the first and second orders. By taking 6 and r as independent parameters, we have the equations of the geodesic surfaces.uently be regarded as fixing the direction of the line ; the direction being, broadly, that property of the line which distinguishes it from all others through the same point. It will be convenient to denote dzi/ds by £. and to speak shortly of the direction (%v f2, £,), or f. These quantities satisfy the relation
